The present multi-harmonic shell clustering of a nucleus is a direct consequence of the fermionic nature of nucleons and their average sizes. The most probable form and the average size for each proton or neutron shell are here presented by a specific equilibrium polyhedron of definite size. All such polyhedral shells are closely packed leading to a shell clustering of a nucleus. A harmonic oscillator potential is employed for each shell. All magic and semi-magic numbers, g.s. single particle and total binding energies, proton, neutron and mass radii of 40 
Introduction
The present work supports a shell clustering of nuclear structure by taking advantage mainly of two fundamental properties of nucleons. The first is the fermionic nature of nucleons and the second is that nucleons possess finite average sizes. As will be explained shortly [see a) and b) below], the first leads to the shell structure of the nucleus and the second to the average nuclear sizes. These properties taken together lead to the aforementioned shell clustering of the nucleus. Indeed:
a) The fermionic nature of nucleons, due to their antisymmetric wave function, makes them behave as if a repulsive force (of unknown nature) is acting among them. [1] . This repulsive property of nucleons is derived not only by this antisymmetrization, but also by the repulsive character of the nuclear force itself, considered as a result of the quark structure of the nucleons. The existence of this force shifts the nuclear many-body problem to the problem of finding the equilibria of repulsive particles on a sphere, like the sphere of a nuclear shell. According to [2] , such equilibria are possible only for specific numbers of particles and when these particles have most probable positions at the vertices, or middles of faces, or middles of edges, or simultaneously at these characteristic points of regular polyhedra or their derivative polyhedra. Such polyhedra in the present model stand for the most probable forms of nuclear shells which -taken in specific sequence, as we will see below -precisely reproduce the nuclear magic numbers, with no use of the strong spin-orbit coupling. It is essential to emphasize here that the structures of these polyhedra precisely possess the quantization of orbital angular momentum [3] .
b) In addition, the finite average size of nucleons, together with the above most probable polyhedral structure of shells, leads to the average sizes of all nuclear shells and thus of all nuclei. This is obtained by packing the shells themselves, i.e., each polyhedral shell reaches its minimum size, that is, the bags of nucleons at its vertices come in contact with the bags of nucleons at the vertices of a previous polyhedron.
However, it should be mentioned that the foundation of the shell structure of the nucleus is offered by other theories as well, where the antisymmetrization of the nucleon wave function and the nuclear interaction play an important role.
The present approach, where the nuclear structure is qualitatively derived without reference to the inter-particle forces, is applicable not only in nuclear physics but also in any other branch of physics where fermions of definite average size are the constituent particles. Take, for example, cluster physics when the constituent particles are atoms with half-integer spins; thus they could be considered as atomic fermions. Thus, the present paper can guide research in other fields, as well as in nuclear physics.
As mentioned in the introduction the fermionic nature of nucleons and their average sizes lead to the polyhedral average shell structure of a nucleus. This structure is different for neutrons and protons, since these two kinds of nucleons are considered as two different sets of particles. Indeed, this problem for one set or for two different sets of repulsive particles on a sphere or on concentric spheres (like the shapes of closed nuclear shells) was solved by Leech long ago [2] . According to this reference, each of these two sets should be in equilibrium by itself on a sphere or on concentric spheres and the resulting two structures should be in a new relative equilibrium as well.
As aforementioned in the introduction, these equilibria are obtained at the vertices or middles of faces or middles of edges of regular polyhedra and their derivative polyhedra. However, when we consider the middles of faces or the middles of edges of any of the aforementioned polyhedra, we obtain the vertices of another regular or semi-regular polyhedron. Thus, we see that it is sufficient to consider only the vertices of polyhedra. These polyhedra are the zerohedron, the octahedron, the hexahedron (cube), the cuboctahedron, the icosahedron, the dodecahedron, the rhombic cuboctahedron, the icosidodecahedron, and the rhombic triacondahedron with numbers of vertices 2, 6, 8, 12, 12, 20, 24, 30 , and 32, respectively. These polyhedra can appear more than one time. Among them three polyhedra can be analysed as two symmetric, equilibrium structures with smaller numbers of vertices having together the same central, angular structure as the initial polyhedron. Namely, the dodecahedron (20 vertices) can be analysed as a cube (8 vertices) and the remaining (12 vertices), the icosidodecahedron (30 vertices) can be analysed as an octahedron (6 vertices) and the remaining (24 vertices) , and the rhombic triacondahedron (32 vertices) can be analysed as an icosahedron (12 vertices) and a dodecahedron (20 vertices) which can further be analysed as above. Recommended books for a sufficient familiarity with regular and semiregular polyhedra are [4, 5] , the former being simple and very instructive and the latter somewhat more sophisticated.
Since both the initial equilibrium polyhedra and the polyhedra derived by their aforementioned analyses are candidates to present the most probable forms of nuclear shells and sub-shells, what is necessary in the following is to describe how these polyhedra are concentrically and most symmetrically [6] arranged in space to present nuclear shells and sub-shells.
First, we start with the polyhedra with smaller numbers of vertices, i.e., with 2, 6, 8, 12 , and 20 vertices. Among them we assign the polyhedra with triangular faces (corresponding to stable equilibria [2] and having number of vertices 2, 6, and 12), i.e., the zerohedron, the octahedron, and the icosahedron, to the first three neutron shells and the remaining polyhedra (corresponding to unstable equilibria [2] and having number of vertices 2, 8, and 20), i.e., the zerohedron, the hexahedron (cube), and the dodecahedron, to the first three proton shells (see Figure 1 ). This assignment makes each neutron shell have a corresponding proton shell with the same rotational symmetry, i.e., a neutron zerohedron corresponds to a proton zerohedron, a neutron octahedron to a proton hexahedron, and a neutron icosahedron to a proton dodecahedron. This assignment, in addition, minimizes the Coulomb energy, since the aforementioned polyhedra for protons are of a larger size than those assigned for neutrons (see Figure 1 ). This type of correspondence between neutron and proton shells is valid for the whole periodic table of nuclei.
Then, their average sizes are determined with respect to the average size of a proton (r p = 0.860 fm) and that of a neutron (r n = 0.974 fm), taken as the only universal size parameters of the model. This happens by packing the candidate shells themselves and following the instructtions of the next section for all candidate shells in Table 1 the average shells of Figure 1 which are in contact with each other are given. Specifically, this table provides what polyhedron is in contact with a previous one. In general, the prefix Z stands for a proton polyhedron and the prefix N for a neutron polyhedron.
In
In Figure 1 the dodecahedra, the icosidodecahedra, and the rhombic triacondahedra are always analysed as mentioned earlier. These analyses lead to the maximum compactness. All octahedra and all cubes in the figure have parallel edges. However, the dodecahedron Z3 has parallel edges only with the dodecahedron N8 but not with dodecahedron Z5. The orientation of Z5 is derived by rotating either Z3 or N8 90° around the z axis. Similarly, the icosahedron N3 has parallel edges only with the icosahedron N6 but not with icosahedron Z6. The orienttation of Z6 is also derived by rotating N3 or N6 90° around the z axis. Also, the orientation of icosidodecahedron Z8 is derived from that of icosidodecahedron N4 by considering similar rotation i.e., again 90°. These rotations lead to pairs of similar polyhedra with perpendicular edges. All these rotations favour the maximum compactness of the polyhedra involved.
It is worth mentioning that the three proton polyhedra Z4, Z5, and Z6 are the results of analysis of a rhombic triacondahedron maintaining the same central, angular structure , as the three neutron polyhedra N6, N7, and N8 are. Each of these two rhombic triacondahedra could be derived by rotating the one with respect to the other by 90° around the z axis. Similarly, the polyhedra N4 and N5, and the polyhedra Z7 and Z8 are the results of analysis of two icosidodecahedra with orientations differing by 90°as well. Finally, the polyhedra N9, N10 and N11 are angularly related polyhedra. Indeed, the middles of edges of the cube N9 form the cuboctahedron N11 and the middles of faces of N11 form the rhombic cuboctahedron N10. In conclusion, each row of neutron or proton polyhedra in Figure 1 angularly refers to one and only one polyhedron which is analysed as shown in the figure. As mentioned earlier, each row in Figure 1 of neutron (proton) polyhedra corresponds to an opposite row of proton (neutron) polyhedra which have the same rotational symmetry. In geometrical language, polyhedra with the same rotational symmetry are called reciprocal.
As we can see in Figure 1 , the numbers inside brackets in the block of a polyhedron close to the central vertical line of the figure, which are equal to the sum of vertices of all previous polyhedra including this polyhedron, coincide with the magic numbers for protons and neutrons, i.e., 2, 8, 20, 50, 82, and 126. The numbers inside brackets in the remaining blocks of the figure stand for the semi-magic numbers 28 and 40 for protons, and 62, 70, 90, and 114 for neutrons. The numbers in the blocks of N4 and Z7 do not form semi-magic numbers since the corresponding polyhedra are not present in all cases. As will be understood later, in many cases the octahedra N4 and Z7 remain as part of the structure of the neighbouring icosidodecahedra N5 and Z8, respectively. The places of their vertices in the neighbouring polyhedron are marked with h (hole) and form a similar polyhedron, as happens in all other cases of analyses of polyhedra mentioned earlier.
The successful reproduction of magic and semi-magic numbers by the polyhedra of Figure 1 permits a tentative assignment of quantum states to the polyhedra vertices standing as average positions of nucleons. One rule is that quantum sub-shells are always assigned at the vertices of the same polyhedron. A test of this tentative assignment of quantum states to the vertices of polyhedra will be made in the section of the quantum mechanical treatment of the model below. In the future, this assignment will be further and further tested by employing more and more nuclear observables. In Figure 1 the high-symmetry equilibrium polyhedra [2] employed by the model to represent the most probable forms and average sizes of all nuclear shells and sub-shells up to Z = 82 and N = 126 are given. Specifically, at the top of each block of the figure the name of the polyhedron shown in this block (left) and the quantum states of the nucleons accommodated by this polyhedron (right) are listed, separately for protons and neutrons. In addition at the bottom-left of each block, in a black square, the numbering of this polyhedron in successive order of filling, preceded with the letter Z for protons and with the letter N for neutrons, is given. Over this black square the number of the polyhedral vertices, and the number of the possible unoccupied vertices characterized as holes, h (symmetrically distributed and forming an equilibrium polyhedron themselves), are also given in parentheses. At the bottom-right of each block the radius of the polyhedron in units Fermi is listed. Over this radius the cumulative number of vertices of all previous polyhedra and this polyhedron is also given in brackets.
The pieces of information given in this section are sufficient, if someone wants to redefine the most probable forms and the average sizes of equilibrium polyhedra of Figure 1 employed as the average forms of nuclear shells. However, if someone just wants to apply the model to any nuclear observable, it is sufficient to take the polyhedra of this figure for granted and not to get involved with its derivation.
Radii of Polyhedra and Coordinates of Their Vertices
Figure 2 is employed to facilitate the present section. The sphere labelled 1 (with coordinates of its center x 0 , y 0 , z 0 ) stands for an average nucleon position at a vertex of a polyhedron with known radius R 0. The sphere labelled 2 (considered in contact with the previous sphere and with coordinates of each center x, y, z) stands for an average nucleon position at a vertex of another polyhedron with unknown radius R x . Apparently, among the above totally six coordinates and the distance d 12 between the centers of the two spheres 1 and 2, Eq. (1) is valid
On the line O1 we assume the vertex called 1 (with coordinates x 1 , y 1 , z 1 ) of a polyhedron which has the symmetries of the polyhedron with known radius R 0 . On the line O2 we assume the vertex called 2 (with coordinates x 2 , y 2 , z 2 ) of a polyhedron which has the symmetries of the polyhedron with unknown radius R x . It is apparent that the coordinates x 0 , y 0 , z 0 and x, y, z can be expressed with respect to the coordinates x 1 , y 1 , z 1 and x 2 , y 2 , z 2, and the radii R 0 and R x as follows:
x 0 = R 0 *x 1 /R 1 , y 0 = R 0 *y 1 / R 1, z 0 = R 0 *z 1/ R 1 x = R x * x 2 / R 2 , y = R x * y 2 / R 2 , z = R x *z 2 
The quantity d 12 takes on the following numerical values: d 12 = r n + r n = 1.948 fm when two neutron bags are in contact, d 12 = r n + r p = 1.834 fm when a neutron bag is in contact with a proton bag, and d 12 = 2*<r 2 > ch = 1.800 fm when two proton bags are in contact, where <r2> ch = 0.900 fm is the average proton charge radius from the literature [7] .
By employing Eq. (3) we can determine the radius of the new polyhedron R x with respect to the radius of the known polyhedron R 0 and the coordinates x 1 , y 1 , z 1 and x 2 , y 2 , z 2 of the two auxiliary polyhedra employed. These coordinates for all kinds of polyhedra involved in Figure  1 are given in Table 2 together with corresponding radii R 1 and R 2 necessary for the application of Eq.(3).
If Eq. (3) does not have a solution, then there is no contact between bag 1 of the known polyhedron and bag 2 chosen at a specific vertex of the candidate polyhedron. Working in same way, we can check whether there is a contact of bag 1 with bag 2 considered at another vertex of the same candidate polyhedron. Usually, we can foresee which vertex of the polyhedron under investigation is closer to the chosen vertex of the known polyhedron and thus one trial is enough. In general, a simple computer program can easily solve the problem employing all vertices of the candidate polyhedron simultaneously.
As mentioned, the sequences of polyhedra whose bags at their vertices are in contact with those of previous polyhedra are given in Table 1 . In this table each polyhedron used as known polyhedron with radius R 0 (called initial polyhedron) and the derived polyhedron with radius R x (called final polyhedron) are shown together with their radii. The radius R x is derived by taking the polyhedron of the same row in the table as initial one and applying Eqs.(1-3). As shown in the table there are cases where one specific polyhedron used as an initial polyhedron leads to the derivation of two or three final polyhedra of different symmetry. The described procedure strictly leads to the maximum possible density of polyhedra standing as the most probable forms and average sizes of shells and sub-shells for fermions. No overlap-
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ping of bags appears among any bags at the vertices of the polyhedra in Figure 1 . In general, the polyhedral average shell structure presented in Figure 1 is unique.
The coordinates of all average positions for nucleons in closed shells for nuclei up Z = 82 and N = 126 are obtained by considering the proper coordinates from Table 2 and then multiplying by the radius of the polyhedron of interest from Figure 1. 
Multi-harmonic Treatment of a Nucleus
The analytical part of the model assumes a harmonic oscillator potential for the nucleons of each proton or neutron shell (and not for all nucleons in a nucleus):
where v 0 and ω are different parameters for each proton or neutron shell. That is, the potential form is the same for all nucleons, but its parameters are different for each proton or neutron shell. Due to the two assumptions below, however, the final number of parameters is substantially reduced.
a) The ћω, for each shell, is determined [8] according to Eq.(5)
where <r 2 > 1/2 is the average size of a specific proton or neutron shell which remains constant for all nuclei. All these sizes are given in Figure 1 . The only parameters necessary in determining these sizes are the two size parameters r p and r n , as discussed in section 2.2. b) The parameter of the depth of the potential for each proton or neutron shell is determined according to Eq.(6) E j = v j -ћω j (n j +3/2) = v i -ћω ι (n i + 3/2) = E i , or v j = v i -ћω i (n i + 3/2) + ћω j (n j +3/2) = V 0 + ћω j (n j + 3/2).
This assumption implies that all nucleons in a nucleus are equally bound in their own potentials (excluding Coulomb and spin-orbit interactions).
It is apparent from Eq.(6) that, since according to the previous assumption a) all ћω are already determined as above by applying Eq. (5) (4), we obtain [8] the following equation
where 1 F 1 (α; c; z
2 , and α = mω/2ћ. The series terminates with the term (-1) k [Γ(c)/Γ(c + k)]z k and the various quantum numbers involved are n = 0,1,2,…; k = 0,1,2,…; k ≤ n/2, ℓ = 0,1,2,…, ℓ ≤ n, and ℓ = n -2k [8] .
The explicit forms of the first few equations of the wave functions for a harmonic oscillator potential derived from Eq.(7) can be found in several books of Quantum Mechanics and Nuclear Physics [8] . However, it is considered instructive for a complete list of all wave functions for nuclei up to Z = 126 and N = 184, derived from the recursion formula Eq. (7), to be shown below. Due to the fact that in the model ћω is different for the different shells, the wave functions with the same orbital angular momentum quantum number ℓ are not orthogonal. For these wave functions Gram-Smidth's technique is applied [9] .
It is considered instructive to give some relevant guide equations below to facilitate this orthogonalization. 
where 
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Also, due to the fact that the model requires the orthogonalized wave functions to reproduce the relevant average radii of polyhedral shells given in Fig.1 , some additional instructive equations are also given below for radii. 
While is known that α 1 = (m/2ћ 2 )*ћω 1 , in the case of wave functions which need orthogonalization α 2 , α 3 , and α 4 in the model are determined as follows. For example for the case of 2p state for neutrons, while α 1 is determined from Eq.(5) by using the radius 3.568 fm (see N3 in Figure 1) , the parameter α 2 in the first equation of (12) must take on a value which leads to the radius 5.0372 fm (see N4 in Figure 1 ). For the case of 3p state for neutrons, the parameters α 1 and α 2 in the second equation of (12) take on the previous values, while α 3 must take on a value which leads to the radius 7.8688 fm (see N11 in Figure 1 ).
Binding Energies
As known, the binding energy for each quantum state in a harmonic oscillator potential is given by Eq. (13):
As aforementioned, in Eq.(13) all ћω come from Eq.(5) (with respect to the only two size parameters r p and r n ) and all potential depths v come from Eq.(6) (with respect to the only one additional, potential parameter V 0). Thus, E B from Eq. (13) is determined with respect to only 3 universal parameters. Now, since the nuclear problem basically refers to two-body forces, in order to avoid the double counting, the potential portion of the second part of Eq. (13) should be divided by two. Further, since according to the Virial theorem half of the quantity ћω (n + 3/2) is potential energy and half is kinetic energy, Eq.(13) takes the form of Eq. (14) E B =1/2 [v -1/2 ћω (n + 3/2)] -1/2 ћω (n + 3/2)]) = ½ v -3/4 ћω (n + 3/2) (14) Given that the potential v, according to Eq.(6), is 
The index 1 in Eq. (16) refers to all states where the orbital angular momentum quantum number ℓ appears for the first time.
However, for a second, a third and a fourth appearance of a state with the same ℓ, in the place of the quantity ћω (n + 3/2) in Eq. (16) we should take the corresponding quantity due to the necessary orthogonalization. Thus, based on Eqs. (9) - (11) 
where: the spin-orbit term is given [8] by Eq.(19)
with λ = 0.03 (This is the fourth and the last universal parameter of the present model), and the Coulomb term is given by Eq. (20):
The distance d ij between any two proton average positions in Figure 1 is calculated from the coordinates of the proton polyhedral vertices (standing for the proton average positions) in this figure (see section 2.2 ).
An extra term in Eq.(18) due to isospin is not needed since the isospin is here taken care of by the different average shell structure between protons and neutrons as apparent from Figrue 1.
In Table 3 the derived energies (including spin-orbit) for all proton and neutron single-particle states up to 208 Pb are given. Specifically, in col.2 of the table for each state (col.1) the numerical value of energy for protons and underneath for neutrons are listed. In col. 4 the energy of all nucleons in a state (col. 3) is given again in two rows for each state as before. In the remaining cols. 5-11 the energies from col. 4 Nd, and 208 Pb are repeated. There, one can also see which states are considered in the framework of the model occupied by protons and neutrons in the structure of these nuclei.
For all seven nuclei examined 16 O is taken as a core. This means that the (127.62 MeV) and its Coulomb energy (11.98 MeV derived from the model) are assumed known. That is, the energy for the 16 O core is taken equal to 139.60 MeV and is listed in the fourth row from the bottom of Table 3 . In the following row of the table the calculated relevant Coulomb energies in the framework of the model are given and underneath, the predicted and experimental binding energies [10] . The agreements between these two binding energies are apparent and quite striking. This agreement is further strengthened by the fact that the model employed uses only four universal parameters. Namely, these parameters are: The two size parameters r p = 0.860 fm and r n = 0.974 fm, the one potential parameter V 0 = 40.268 MeV, and the one spin-orbit parameter λ = 0.03.
As obvious from Table 3 the binding energy of any nucleus examined is obtained by summing up the energies of the single particle states involved in this nucleus. This means that the model employed here considers exclusively an independent particle motion for all nucleons. In other words, the model considers that for each closed shell we have a complete saturation of nuclear forces. It is necessary to explain why in Table 3 is derived by assuming that the eight neutrons of this state fill the polyhedron Z4 which for all other seven nuclei of Table 3 is filled by protons. This is permissible according to the assumptions of the model as long this polyhedron is completely empty. The assignment of polyhedra as proton or neutron polyhedra in Figure 1 assumes that all polyhedral shells are filled as for example in the case of 208 Pb. In the cases where some polyhedra are completely empty, one can consider that these polyhedra are available either for protons and or for neutrons. In the case of 48 Ca the radius of Z4 is derived from that of Z2, i.e., R Z4 (prime) = 2.541 + r p + r n = 4.375 fm, while previously it was R Z4 = 2.541 + 2r p = 4.341 fm. This value is smaller than the value of R N4 = 4.459 fm and thus preferable since it leads to larger binding energy. In general, in the case of valence protons occupying a neutron polyhedron or vice versa Eq. (3) is again applied with the proper choice of d 12 as explained in section 2.2.
Mean Radii
Since the wave functions are known in the framework of the model (section 2.3), the nuclear radii can be calculated straightforwardly by using these functions. However, due to the way these wave functions have been correlated with the size of nuclear shells via Eq.(5), average radii can equivalently be calculated by using simple formulae, as seen below.
Average charge radius:
.neutron ch where r ch.proton = r p = 0.842 fm and r ch..neutron =0.34 fm [7] .
Average neutron radius:
where r = r n = 0.974 fm. In Table 4 the predictions of the present model for radii are given for all eight nuclei used as a sample in the present manuscript. In this table the predictions of the model on average charge, on average neutron and on average mass radii are given together with the difference between proton and neutron radii. The comparisons of the model predictions for charge radii with the relevant experimental data (coming from [11] and only for 54 Fe from [12] which is a model prediction), in all cases, are very good. In most of the cases our predictions and the data are identical. For
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Te an experimental value has not been found. However, the comparisons of the model predictions with the available experimental data for the point neutron-proton radii are good only for the first five nuclei of the Pb the comparison with experiments is problematic. For that nucleus the relevant pieces of information from the literature concerning neutron-proton radii are given below together with comments for the other nuclei.
From [13] for 40 Ca we have neutron-proton radius -0.20 fm till -0.40 fm and in Table 4 we write the average of these two values, i.e., -0.30 fm. The value 0.12 fm for 48 Ca is taken from [14] . From [15] we have the values for 54 Fe fm and for 90 Zr 0.09 ± 0.02 fm and in Table 4 we write -0.04 and 0.09, respectively. The value 0.11fm for 108 Sn in the table is estimated from the neutron rms radius 4.615 fm from [16] minus our point proton rms radius 4.50 fm. Finally, the value 0.55 fm in Table 4 for 208 Pb is estimated by employing the ratio of neutron radius/ proton radius equal to 1.07 ± 0.03 fm from [17] and our point proton rms radius 5.46 fm, i.e., 1.1*5.46 -5.46 = 0.55 fm. Other data somehow supporting our value 0.55 fm in Table 4 comes from [18] where the neutron radius is 6.7 fm, from [19] where this radius is 5.99 ± 0.10 fm, and from [20] where r n -r p = 0.33 ± 0.17 fm. There is a great variety of experimental and theoretical results for the neutron-proton rms radius of 208 Pb varying from small to large values. In general, the estimation of neutron rms radius of a nucleus is very difficult task. The opposite is true for the estimation of proton rms radius of a nucleus, due to the charge of protons. It is interesting one to remark the relation between proton and neutron rms radii of a nucleus in the present model. In the model the structures of proton shells and of neutron shells are interweaved (see Figure 1) , as a result of basic properties of the constituent particles of a nucleus, i.e., of the fermionic nature of protons and neutrons. Thus, the predictions on neutron rms radii in the present model depend on proton rms radii. The fact that the binding energies of Table 3 and the proton rms radii of Table 4 are in very good agreements with the experimental data gives a special interest to our neutron rms predictions which should be investigated deeper.
Other Applications of the Model
The present work follows a standard procedure starting with the Schrödinger equation. Previous versions of the model employing mainly a semi-classical approach (in the spirit of the Ehrenfest theorem [21] [22] [23] that for the average values the laws of Classical Mechanics are valid), which uses the same nucleon average positions as those of Figure 1 , have already been applied in many cases. Some are Σ atoms [24] , nuclear momentum and density distribution [25] , moments of inertia and rotating spectra [26] , excited states [27], neutron nuclei [27], derivation of a two-body potential [28] , and nuclear reactions [29] .
Conclusions
The multi-harmonic shell clustering of a nucleus prented here, employing only four universal parameters (2 size parameters r p and r n , 1 potential parameter V 0, and 1 spin-orbit parameter λ) has proved very successful. The predictions on magic and semi-magic numbers, binding energies and radii are very satisfactory. We expect that further applications of the present approach on more observables will be successful as well, as are the cases of application of the semi-classical version of the model (see section 2.3.3 above). The present work apparently offers a link between collective model and independent particle model of nuclear structure. Indeed, the average sizes of shells are derived in the spirit of Independent Particle Model (see section 2.1 above) and these average forms in the spirit of Collective Model are employed to reproduce the rotational spectra [30] .
While in the present work a number of nuclei (eight nuclei) are used as an example to demonstrate the model, Figure 1 could be used for the structure of the core of any nucleus.
Perhaps, the most significant conclusion of the present work is that it supports a shell clustering of nuclear structure exclusively based on the fermionic nature of nucleons and their average sizes. In brief, the anti-symmetric wave function of nucleons makes them behave as if a repulsive force (of unknown nature) is acting among them. This force for nucleons on spherical shells, in order to obtain equilibrium of forces (which is a necessary condition for an independent particle motion of nucleons), it leads to equilibrium structures for nuclear shells, i.e., to the structures of regular polyhedra and their derivative polyhedra [2, [4] [5] . Furthermore, these polyhedral structures are finally closed packed to obtain maximum nuclear density for the average positions of nucleons by taking advantage of their finite sizes.
The basic computer programs employed by the present work are available on request.
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